The method of differential renormalization is extended to the calculation of the one-loop graviton and gravitino corrections to (g−2) l in unbroken supergravity. Rewriting the singular contributions of all the diagrams in terms of only one singular function, U (1) gauge invariance and supersymmetry are preserved. We compare this calculation with previous ones which made use of momentum space regularization (renormalization) methods.
Introduction
The method of differential renormalization (DR) has appeared recently [1] . It is a method of renormalization in coordinate space that yields directly finite amplitudes and leaves the space-time dimension unchanged. Thus it is expected to be especially suited for supersymmetric theories, where the dimension of the space-time appears to be crucial for preserving the symmetry. DR has already been successfully applied in several contexts: the Wess-Zumino model [2] , lower-dimensional [3] and non-abelian [4] gauge theories, two-loop QED [5] , chiral models [6] , non-relativistic anyon models [7] and curved space-time [8] . Other formal aspects of the method have been developed in [9, 10] and different versions of DR can be found in [11] . It is the purpose here to push even further the method and tackle a relatively complex problem such as the computation of (g − 2) l in supergravity (SUGRA). This is the first time that DR is applied to the calculation of a physical observable and to the calculation of gravitational corrections. As we will show our results preserve supersymmetry (SUSY) and abelian gauge invariance.
Although SUSY is not an exact symmetry of Nature, it is believed that any fundamental theory must be originally supersymmetric. It is also known that when SUSY is made local it naturally includes gravity [12] . The resulting theory is non-renormalizable but it is constrained by the symmetries. One of the few finite calculations in gravity is the one-loop correction to the anomalous magnetic moment of the lepton (g − 2) l [13] .
In SUGRA not only is (g − 2) l finite but SUSY requires it to be zero [14] . Therefore, the anomalous magnetic moment of the lepton besides being an observable, is also an ideal arena to check theoretical implications and to perform consistency tests of the methods of regularization in SUGRA.
In a supersymmetric theory (g − 2) l vanishes because no such term appears in the Lagrangian of a chiral supermultiplet [14] . (This has been generalized to a set of sum rules valid for any charged supersymmetric multiplet [15, 16] .) Hence, as long as SUSY is preserved, all quantum corrections must cancel order by order. Ferrara and Remiddi also proved explicitly that in global SUSY the one-loop QED corrections, order e 3 , do cancel. In this case two diagrams contribute (see Fig. 1 ), one exchanging a photon and the lepton, and the other a photino and the corresponding sleptons, and both are finite.
The one-loop gravitational corrections are of order eκ 2 = 8πeG N , resulting from a graviton or gravitino exchange. Using dimensional regularization [17] , Berends and Gastmans calculated the five diagrams where a graviton is exchanged (see Fig. 2 ) [13] . All five diagrams are infinite but their sum is finite. The finiteness of (g − 2) l in a non-renormalizable theory such as gravity seemed miraculous. Del Aguila et al. [18] and Bellucci et al. [19] checked that when gravitation is embedded in a supersymmetric theory (unbroken), the contributions from the graviton and the gravitino cancel, as required by SUSY. Bellucci et al. also traced back to an effective chiral symmetry in the gravitino sector the finiteness of the gravitino contribution and then of the graviton contribution, if their sum has to vanish. Dimensional regularization does not yield a vanishing value for (g − 2) l . This is not so surprising for dimensional regularization is known to break SUSY. A (one-loop) SUSY preserving method such as dimensional reduction [20] is then required in order to obtain such a cancellation and this was shown to be the case. However, whether the finite contributions to (g − 2) l of the graviton and gravitino sectors are well-defined quantities for some unknown reason (symmetry) is a question which remained unanswered. The lack of manageable, alternative regularization methods preserving SUSY has prevented to address this question although the answer is expected to be negative as hinted in [19, 21, 13] .
In this paper we use DR to calculate the one-loop corrections to (g−2) l in unbroken SUGRA. We find that in DR the individual contributions of the graviton and gravitino sectors, although finite and opposite, are different from previous results. Thus, although SUSY is preserved, these two contributions are not well-defined separately, only their sum is.
The method of DR is based on the observation that in coordinate space singularities arise when points in the quantum fields coincide. The idea is to write singular expressions as derivatives of less singular functions. One solves some differential equations and considers the solutions as a definition of the amplitudes in the sense of distributions,
i.e., the derivatives are understood to act on test functions. In fact the method gives a definition of the expressions at the ill-defined points. The constants that naturally appear in the differential equations play the role of renormalization scales. The resulting finite amplitudes satisfy the renormalization group equations. While retaining the spirit of the method, we have developed some aspects that may be considered unsatisfactory in the original version. For instance, gauge invariance had to be checked at each step of the computation and the renormalization scales chosen accordingly. In this paper we show that it is possible to preserve gauge invariance (no term proportional to the photon momentum is generated at one loop) and supersymmetry ((g − 2) l has no one-loop corrections) if related singularities are treated always in the same way throughout the computations. Only one scale for each type of singularity is then needed. In particular, for the computation of (g − 2) l only the scale corresponding to logarithmic singularities appears. Obviously it cancels out when all diagrams are summed up. These new features of the DR approach will be more extensively discussed in a simpler context in a forthcoming publication [22] .
The plan of the paper is as follows. In Section 2 the lagrangian describing a minimal superQED-SUGRA theory is presented. Section 3 is devoted to describing the constrained differential renormalization procedure which we will follow. Section 4 contains the detailed calculation of one diagram, where the main techniques used in the paper are applied, whereas in Section 5 we discuss briefly the calculation of the remaining diagrams contributing to (g − 2) l and give the final results. We finish with the conclusions in Section 6. Three Appendices gather the Feynman rules in Euclidean space and other technical details.
The SUGRA Lagrangian
The coupling of matter to supergravity has been extensively studied in the literature [23] . We are interested here only in first-order gravitational corrections. We shall use the lagrangian of superQED-SUGRA obtained by imposing canonical kinetic terms (minimal Kähler potential and f function) and expanding the curved metric around the Minkowski one (η αβ ). The interaction lagrangian in Minkowski space reads
2)
3) 
The lagrangian is written in Minkowski space for easier comparison with previous work.
However we shall work in Euclidean space as is usual in DR. The corresponding Feynman rules are collected in Appendix A.
Constrained differential renormalization
The e 
where x ≡ x 1 − x 3 , y ≡ x 2 − x 3 and x i are the coordinates of the triangle vertices. ∆(x) is a scalar propagator and O x is a differential operator acting on x of order ≤ 4. Each of these propagators can be either massless or massive.
(In the following, with the exception of Eq. (3.6) below which is analogous to Eq. (3.1) but for bubble diagrams, we reserve the notation ∆(x) for massless propagators.) In our calculation we find T-functions with one massless and two massive propagators,
and T-functions with two massless and one massive propagators,
where
fulfill the propagator equations 5) and K i are modified Bessel functions [24] . The mass structure does not affect the singular behaviour. Hence, as far as renormalization is concerned, T 1 and T 2 can be considered identical (although some care is needed when both massless and massive DR identities are used, as discussed in Section 5).
ii) Bubble diagrams: they are products of two propagators and a delta function, and contain at most two derivatives. They can be written in terms of a set of functions whose general expression, omitting the index for any massive propagator, 6) and analogously for B x , with x ↔ y. O x acts on x and is now of order ≤ 2. In our calculation B-functions always contain one massive and one massless propagators.
Therefore the notation 8) can be used in what follows.
Although the structure of B-functions and T-functions is apparently different -and a priori they could be renormalized differently-, they are in fact related. B-functions can be expressed in terms of T-functions using the propagator equality (3.5). This substitution 'separates' points and allows to express a bubble diagram as a triangular one. In this way one is able to express all diagrams (and then all singularities) in terms of T-functions only. The procedure is described in detail in Section 5. There it is also proven that all the relevant singular T-functions can be written using one single singular function: T [2] . Therefore just one renormalization will be eventually required and only one arbitrary scale parameter will have to be introduced. Although the full correction to (g − 2) l is finite and does not depend on the renormalization scale, we calculate the contribution of each diagram separately in order to compare with previous results.
In this Section we present in detail the evaluation of the contribution to (g − 2) l of diagram D6 in Fig. 2 . Using the Feynman rules in Appendix A, this vertex correction reads (all indices, including the γ-matrix ones, are in Euclidean space)
The factor 2 comes from the fact that the scalar particle propagating in the diagram can be eitherẽ L orẽ R . Translation invariance allows to write V
as a function of x = x 1 − x 3 and y = x 2 − x 3 only:
The terms containing a γ 5 do not contribute to (g − 2) l and hereafter will be ignored. As explained in Section 3, all vertex corrections can be written in terms of derivatives of T-functions. Using the Leibnitz rule and the properties of the γ-matrices, we find
3)
The external derivatives must be understood in the sense of distribution theory according to the DR prescription: they act 'on the left' over test (wave) functions. Of the four T-functions in Eq. (4.3), only T 1 [∂ β ] is regular ( i.e., a tempered distribution). The other three are singular at x = y = 0 and must be renormalized (regularized). This renormalization is done in three steps.
First, the singular T-functions are split according to their tensor structure into trace and traceless parts:
The traceless parts are two orders less singular. Thus,
is 'logarithmically' singular. T 1 [2] and T 1 [22] remain 'logarithmically' and 'quadratically' singular, respectively. T 1 [∂ α 2], which seems to be 'linearly' singular, is in fact 'logarithmically' singular because it can be written as a function of T 1 [2] . Indeed, using the symmetry of T-functions under x ↔ −y interchange (see Appendix B),
Second, all singular T-functions are expressed as functions of T 1 [2] and T 1 [22] only. Indeed, the other singular T-function left,
, can be written [22] are renormalized. The singularity of T 1 [2] goes as the inverse of the distance to the origin to the fourth power and is easily renormalized.
Inserting the propagator equation (3.4), one obtains
and following Ref.
[10] the renormalized T-function is In other diagrams the proliferation of terms makes these manipulations rather cumbersome. However, a symbolic program developed for this purpose greatly simplifies the calculation.
The complete calculation
In this Section we describe the main aspects of the computation of (g − 2) l for all the diagrams in Figs. 1 and 2.
Diagrams DA, DB, D1 and D6. The first two diagrams ( Fig. 1 ) are of order e 3 , and the rest of order eκ 2 . In the example above we obtained the contribution of D6 to (g−2) l and showed how to treat expressions containing T 1 -functions. In diagram D1 the same set of functions appears, so the procedure is completely analogous. In particular, quadratically singular terms are again proportional to γ µ and do not contribute to (g − 2) l . In fact, the same occurs for all diagrams because the quadratically singular functions are scalars containing the maximum number of derivatives (four in T's and two in B's), so the only Lorentz vectors left are Dirac gammas. Diagrams DA and DB are even simpler, for no singular terms contribute to (g − 2) l once the trace-traceless splitting has been performed.
Diagrams D4, D5, D9 and D10. These diagrams contain two massless and one massive propagators, and are written in terms of T 2 -functions. Here three derivatives appear at most, so there are no quadratically singular terms (not even in the γ µ part).
All T 2 -functions are reduced to T 2 [2] plus regular terms in a similar way as we reduced T 1 -functions. Then the equation (3.5) is used to write this singular function as
which together with the DR identity [1]
allow to define the renormalized function:
This renormalization is the same as the one in Eq. (4.10), so it involves the same mass scale M . Indeed, if the function in Eq. (4.9) is expanded in the mass parameter, we Diagrams D2, D3, D6 and D7. They can be written in terms of the functions B y (D2, D6) and B x ( D3, D7). As discussed in Section 3, one must express Bfunctions in terms of T-functions before renormalizing. This can be achieved using the equation (3.5) to 'separate' the delta function into a propagator, thus obtaining a triangular structure:
Analogously we obtain: Once all the relevant terms in a diagram have been renormalized, one only has to extract from the regular expressions the contribution to (g − 2) l . This is conveniently done by performing a Fourier transform and taking the appropriate on-shell limits, as described in Appendix C.
Let us summarize the steps we have followed to evaluate (g − 2) l :
1. All diagrams are written in terms of T-and B-functions.
2. B-functions are rewritten in terms of T-functions.
3. The singular parts of the T-functions are identified and renormalized.
4. Finally, the contribution to (g − 2) l is extracted Fourier transforming, putting the external leptons on-shell and taking the q 2 → 0 limit.
The explicit calculations have been carried out by hand and checked with a dedicated symbolic program. The necessary equalities are collected in the Appendices.
The resulting contributions of the superQED diagrams are
Note that they are finite, scale independent, and, of course, agree with previous results.
The graviton and gravitino corrections to (g − 2) l are given in Table 1, together with the dimensional reduction and dimensional regularization results. In next Section we comment on the different contributions and compare them.
At this point, as the total graviton and gravitino contributions are finite, one may wonder if it is possible to add all the contributions of the different diagrams to start with and work with non-singular expressions. Actually this requires treating all the diagrams in appropriate manner. Writing all the contributions in terms of T-functions our procedure allows to obtain a compact result free of singularities. We find for the part of the vertex amplitude contributing to (g − 2) l
This expression is regular because the only singular terms are those proportional to
and T 2 [2] , which have the same singular parts: 11) and appear with opposite sign.
Another important remark, further discussed in Appendix C, is the infrared divergent behaviour of the Fourier transforms of the T 2 -functions in the static limit q 2 → 0.
It can be shown, however, that these divergencies cancel out in the sum Eq. (5.10). In fact we have checked that all diagrams, with the external leptons on-shell, are wellbehaved in this limit.
We have also verified the absence of gauge non-invariant terms, proportional to the photon momentum q µ , when the leptons are on their mass shell. This corresponds in coordinate space to a symmetry under the x ↔ −y interchange, which is preserved throughout the calculation.
Conclusions
Our explicit results are summarized in Table 1 . The contributions to (g − 2) l of the graviton and gravitino sectors in differential renormalization are separately finite and independent of the scaleM . In fact, in our procedure the logarithms ofM keep track of the singularities and their sum is shown to vanish. Notice that these logarithms are proportional to the infinities of the regularization methods in momentum space, as expected at one loop. Obviously, finite parts may be different and are responsible for the preservation or the breaking of the symmetries in the problem. In differential renormalization the total contribution cancels out as dictated by supersymmetry. In the dimensional reduction scheme the total contribution also vanishes. This is not the case in dimensional regularization as this scheme is known to break supersymmetry. 
